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Abstract. We show the local in time well-posedncss of the Cauchy problem 
for the Kadomtsev-Petviashvili II equation for initial data in the non-isotropic 
Sobolev space H^^-''^{R'^) with si > -| and S2 > 0. On the H'^-^iR"^) 
scale this result includes the full subcritical range without any additional low 
frequency assumption on the initial data. More generally, we prove the local 
in time well-posedness of the Cauchy problem for the following generalisation 
of the KP II equation (ut — ID^l^u^; + {u^)x)x + '^yy = 0, ^(0) = for 
I < o < 6, si > max(l - |a, 1 - S2 > and uq e H^1'=2(]r2). We 

deduce global well-posedness for si > 0, S2 = and real valued initial data. 



1. Introduction 

In this paper we study the Cauchy problem for the Kadomtsev-Petviashvih II 
equatfon 

(1) (ut + Uxxx + {u'^)x)x + Uyy = iuR^, u{0) = Uq. 

The Kadomtsev-Petviashvih II equation (as weU as the Kadomtsev-Petviashvih I 
equation {ut + Uxxx + iu^)x)x — Uyy = 0) are two-dimensional extensions of the 
Korteweg-de-Vries equation, see [8]. More generally, we will consider the following 
dispersion generalised Kadomtsev-Petviashvili II type equation 

(2) {ut-\Dx\"ux + {u^)x)x + Uyy=^0 iuM^ it(0) = Mo 

where | < a < 6. Here |i?a;|" is the Fourier multiplier operator with multiplier 
1^1". We consider initial values uq in the non-isotropic Sobolev spaces 

(3) i/^-^^(R2) {uo e 5'(M2) | \\uo\\h^^.. || (O^M^)^^^IIl? < oo}. 

Note that the case a = 2 of ([2|) is (HI) whereas the case a = 4 is known as fifth 
order KP II equation 

(4) (ut - Uxxxxx + iu'^)x)x + Uyy = lu , u{0) ^ Uq . 

We are interested in low regularity well-posedness of ([2]). By using refined Fourier 
restriction norm spaces we will prove new bilinear estimates which allow us to apply 
the contraction mapping principle. 

In the seminal work [3] Bourgain shows the (global) well-posedness of ([T]) (on 
rather than on R^) with initial values in L^, i. e. for si = S2 = 0. This result has 
been improved afterwards by Takaoka and Tzvetkov [16] and Isaza and Mejfa [7] to 
the local in time well-posedness of ([1]) for si > — ^ and S2 > 0. (For previous results 
see also [17], [18], [15].) In [14] Takaoka shows local well-posedness for si > — i, 
S2 = 0, but only if the additional low frequency condition \Dx\~^^'^uo e (with 
suitably chosen e) is imposed on the initial value. 
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For the fifth order KP-II equation (U local well-posedness was shown by Saut 
and Tzvetkov (see [12,13]) for si > —j and S2 > 0. (Note that the equation 
considered in [12, 13] is slightly more general than (jH) because it also contains the 
third order term.) Very recently, Isaza, Lopez and Mejia [6] improved the local 
well-posedness result to si > — | and S2 > 0. (These authors also show global 
well-posedness of (jl]) for si > — | and S2 = 0.) 

For general a £ (|,6] lorio and Nunes [5] showed the local well-posedness for 
initial values uq in the isotropic Sobolev space iJ'*(R^), s > 2, with the additional 
low frequency condition d~^uo € iJ'*(M^) using parabolic regularization. Let us 
note that they consider much more general equations and do not use the dispersive 
structure of the equation. 

For a recent result concerning the so called mass constraint property for solutions 
of equations of type ^ see [10]. 

Our main result for equation ([1]) is the following 

Theorem 1.1. Let si > — ^ and S2 > 0. For R > there exists T = T{R) > 
and a Banach space Xt ^ C([— T, T]; iJ^^'"^ (R^)), such that for every uq € Bj^ := 
{uo G iJ*i'''^(R^) I ||wo||ff=i.=2(R2) < R} there is exactly one solution u of equation 
^ in Xt- Furthermore the mapping Fn : Bjf —>■ Xt, uq i~->- u is analytic. 

More generally, we will show the following theorem concerning equation ^ 

Theorem 1.2. Let | < a < 6, si > max(l — ja, j — |a) and S2 > 0. For R> 

there exists T = T{R) > and a Banach space Xt ^ C{[-T,T];H''^-''^{R'^)), 
such that for every uq G Bj^ :— {uq G iJ*'-'*^(M^) | ||uo||i/si,s2(R2) < R} there is 
exactly one solution u of equation ^ in Xt ■ Furthermore the mapping Fr : Bn — > 
Xt,Uo ^ u is analytic. 

Remark 1.3. If we (formally) apply the operator to equation ([2]) and use 
Duhamel's formula, equation ([2|) is (for suitable u) equivalent to the integral equa- 
tion 

(5) u{t) = U^{t)uo - f U^{t - t')d.,{u{t'f)dt' 

Jo 

where Ua is the unitary group on i/''i''*^(R^) defined by 
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(6) U^oi^,v) ■■= eMm^r - j))M^,v)- 

We define a solution of ([2]) in Xt (for T < 1) to be a solution of the operator 
equation 

(7) u{t)=^{t)Uait)uo-rTiu,u)it), te[~T,T] 
where F^ is the bilinear operator on Xt defined for smooth ui, U2 by 

(8) TT{ui,U2)(t) -.^Mt) f Ua{t-t')d^{uiU2){t')dt' 

JQ 

and V' e Co°(I^) is a cut-off function with tl;{t) ^ 1 tor \t\ < 1 and V'(i) = for 
1^1 > 2. Furthermore tpTit) = ipit/T). 

Remark 1.4. In the particular case a = 4 of the fifth order KP II equation Theo- 
rem ll.2l shows the local well-posedness of ^ for si > — | and S2 > 0. We therefore 
get a local well-posedness result for the same class of initial data as Isaza, Lopez and 
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Mejia in [6]. Note though that the spaces Xt where the local well-posedness result 
of Theorem 11.21 holds true are different from those used in [6] (see Remark l4.4p . 

Remark 1.5. Let us note that if u is a solution of ([2]) then so is 

ux{t, X, y) = A"m(A"+4, Aa;, A^+iy). 

Considering the homogeneous Sobolev norm 

we get I|uA(0,-,-)llff=i.=2 = A3"-i+"i+(i+t)^2||u(o,-,-)||^,^.,,. This argument sug- 
gests that we get ill-posedness for si + (1 + ^)s2 < 1 — |a. Note that for | < a < 2 
and S2 = we reach the critical value 1 — ja of si, except for the endpoint. For 
a > 2 though we have that ^ — |q > 1 — |a, so that we do not reach the scaling 
limit in this case. 

By combining the local well-posedness result of Theorem 1 1 . 2 1 wit h the conserva- 
tion of the L^-norm which holds for real valued solutions of ([7]) we get the following 
global result, where i7'*i'°(M^; M) denotes the subspace of all real valued functions 
in i/''i'0(R2). 

Theorem 1.6. Let | < a < 6, si > and T > 0. Then there exists a Banach 
space Xt ^ C{[-T,T]; H''^-°{R'^:R)), such that for every uq € H'^-°{R'^;R) there 
is exactly one solution u of equation Q in Xt- 

Let us fix some notation we use throughout the paper: 

• For C e R let (0 := (1 -f 

• For u € iS'(M") the Fourier transformation of u in R" is denoted by u or Tu. 
A partial Fourier transformation with respect to some of the n variables, is 
denoted for example by Ti for the Fourier transformation in the first variable, 
etc. 

• H ~ {T,£,,ri) g R'^ always denotes the Fourier variable dual to {t,x,y). 

2 

• For II = (t, ^,77) let A := :— t — + If there are two frequency 
variables and /ii we write for short Ai :— A(/ii), A2 := A(/i — //i) and 
|Amax| = max(|A|, |Ai|, IA2I). Let also l^maxl := max(|^|, |^i|, |^ - ^i|). Let 
^minl and l^mcdl bc defined analogously. 

• A < B means that there is a (harmless) constant C such that A < CB. 

• For X and Y Banach spaces X ^ Y means that there is a continuous 
embedding from X into Y. Furthermore Cb{R;X) denotes the space of all 
continuous and bounded functions / : R ^ X with the sup-norm. 

The author would like to thank S. Herr and H. Koch for valuable discussions 
and suggestions on the subject. 

2. Definition of the solution spaces 
Definition 2.1. Let us consider the following space of test functions 

(9) S:^{(f>E 5(R3) I a|0(r, 0, 77) = Vfc £ Nq V(t, ??) e R^}. 
For si, S2, 6 e R , cr > and (f) E S define 

(10) Mxi^^------\\\(.no''^^{vrw'nLi- 

Let ^j^g completion of S with respect to the norm (jTU]). 
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Functions in S have the property that for every fc e No there is a Cfc > such 
that |0(t, ^,77)1 < Cfcl^l*^ for all (t, ^,77) e M.^. This property ensures that the right 
hand side of (jlOp is well defined in spite of the singularity along ^ = in the term 
A = r - Cl^l" + ^ and the factor |^|-'". 

Remark 2.2. At least for b > — a, we can identify X^i'^'^.b -^^jth the sub- 
space of tempered distributions u on R'^ such that u is a regular distribution and 

Remark 2.3. If S2 = we write for short X^^^'' instead of X^^'"^'''. 

Remark 2.4. The spaces X^^'''^'^ are modifications of spaces first used by Bourgain 
[1,2] in the context of the KdV and Schrodinger equations. 

We have the following well-known linear estimates 

Proposition 2.5. For b > Q and si, S2 G K we have 

(11) \\l(;Ua{t)uo\\^si.s2,b < \\uo\\h-i-=2(r2) 

Proof. See for example [4]. □ 
Proposition 2.6. For < b' < < b < b' + 1, T < 1 and si,S2 eM. we have 

(12) W^T f Ua.{t-t')F{t')dt'\\^.,..,.. <T^-^''-''^\\F\\ 



Proof. For it = see [4]. For cr 7^ consider the operator I„ defined for u G 5 by 
{T2hu){t,£^,y) = {^YF2u{t,i,y). Then I„ : X^^^'^^^ Xq"^'"'''' is an isometric 
isomorphism. Therefore we have 

Ut f U^{t~t')F{t')dt'\\^.„.,y = \\I,^T I U^{t-t')F{t')dt'\\,,,.,y 



Ut I U^{t-t')hF{t')dt'\\ 



< T^-^''-'''\\I„F 



□ 



We have the following well-known embedding result for the X^^'^^^^'-spaces 
Proposition 2.7. Let si,S2 G K, cr > and b> ^. Then 

X^us2M ^ Cfc(M;i/"i'''^(]R2)). 

Proof. For a ~0 see [4]. But for cr > we have that ||u|| ai.sa.b < ^2.'' • O 

Aq Act 



Definition 2.8. Let X > Cfc(M; ff*^!'"^ (R^)). Then we define the restriction norm 
space Xt '.— {u\^_^^^ \ u G X} with norm 

= inf{||u||A I w|[_T,T] = 
Then Xt C{[-T,T]]H''^'''^{M?)). 
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3. Strichartz and refined Strichartz estimates 

Exactly as in the case a = 2 (see [11]) we show the following Strichartz' estimates 
for the solution of the linear equation. For the convenience of the reader we will 
give the full proof here. 

Theorem 3.1. Let 2 < g < oo, i + i = i and 7 (1 - - f ). Then we have 



(13) \\\D.rUa.{t)uohlL^^^<\\uo\\Ll^. 

Proof. Let 9 := I - f and k e M. As < 1, we have that 
for every < £ M. Therefore we have for uq G iS(]R.^) and t G M 

For 61,62 > let us define nit' '^^ {£,, r]) := e-^^^'-^^'^''mt{£„7]). Then by the the- 
orem of dominated convergence we have that lim^^ ,52^0+ "^•4^'*^ — n^t in 5'(M^). 
Therefore we have 

\D,r'+"'Uait)uo = lim J^-\mt'''n^uo. 

Si ,(52^0+ 

Now we have 



Now by the theorem of dominated convergence again we can take the limit 62 —>■ 0+ 
in this last expression and get 

J^-\mt) ^ c\t\-i lim / l^l^-f+^e-^'i^'+^t^^+^^l^l^+^'s^f^^^^eS^^'d^. 

Now for 5 ^ we set V(C) := e-*i«'+^"'s"( * )i and 0(C) := CICI"- Then with our 
choice of 9 we have |<^"(C)| ~ ICT"^^ and we can use Corollary 2.9 of [9] to see that 



where the implicit constant does not depend on 61 > 0. Therefore we get that 
T~'^{mt) e L°°(M2) and \\J^~'^{mt)\\L'^{m?) < C{K)\t\-^. It follows that we have the 
decay estimate 

\\\D,\-'+'^Uo.{t)uo\\L^ < C{K)\t\~'\\uo\\L^ 

for all Uq G iS(M^) and then by continuity also for all uq G L^{M.'^). By Plancherel we 
also have that || |Z?2:|*''[/Q(t)uo||L2 = ||uo||l2- Now using the interpolation theorem 
of Stein we get for every 2 < r < 00 that 

(14) \mf^~'^'Uo.it)uo\\L'- < C\t\^-'\\uohr'. 

Now ([T3| follows from (fT4)) by well-known methods. (See for example [9].) □ 

From this linear version of Strichartz estimates we can deduce the following 
bilinear version 
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Corollary 3.2. For b > we have 

(15) ||wiU2||l2 < \\\D^\i-'iui\\^o,b\\\D^\i-'^u2\\^Q.t. 

Furthermore we have 

(17) I / /f\'Jmb'^' /i(^i)/^(^ " Mi)/3(/^)rfMirfMl < n 

\Ai/ .^^ 

(18) I / '7^11^^^ '^V i(Mi)/2(/i - m)/3(/i)rfMirfMi < n ii/^iii^- 

Proo/. Setting r = g = 4 in ([131) we get \\\D^\-'^i-'i'>Uait)uo\\L^^^ < ||uo||lJ„- 

Using [4], Lemme 3.3 it follows that || |Z?2;|^(^^'^^m||^4 < ||m||^o.6 or equivalently 

II'^IIl* ^ ^O'^ dTSl) follows by combining this estimate with 

Holder's inequality. Setting fi{fj,) := {X)^Ui{ii) for i — 1,2 and using duality 

we see that (fTS)) is equivalent to ^TE\\ . By suitable changes of variables we also get 
(Ull) and (UHl). □ 

For the part of the product uiU2 where the ^-frequency of the first factor is 
significantly smaller than the ^-frequency of the second factor we can improve this 
bilinear Strichartz estimate. To formulate this improvement let us define for c > 
the following operator 



(19) J^Pc("i,U2)(/i) := / X|5i|<c|5-^i|(M:Mi)-^"i(a*i)-^W2(m - A^i) c^Mi 

We have the following refined bilinear Strichartz estimate which for the case a = 2 
was already implicitly used in [7, 14-18]. 

Theorem 3.3. For b > ^ we have 

(20) ||Pi(ui,U2)||l2 < \\\D,\iui\\^o.4\D,\-^u2\\^o.. 
For the proof of the theorem we need the following Lemma 

Lemma 3.4. For a > set (paiO ■= Cl^l" '^"■'^ 

(21) r^{t^i):^MO-Mii)-M^~^i), e,aeM. 

We then have for every G M 

(22) < |r„(e,a)i < {a + i + ^)\Un\\u..r- 

Proof of Lemma \3.4\ Suppose first that |^min| = Then we have 
because |^,„i„| < ilCmaxI and 

\M0 - Mi - 6)1 = Wcii ~ o^,m,\ = (a + m - eiinun\ 
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for some 9 G [0, 1]. As we have |<^i| < |^| it follows that 

min - ^61 = niin{|e|, 1^ - 61} = ICmcdl > ^l^maxl 
ee[04] 2 



and 



max IC - 061 = max{|e|, |C - 61} = I6nax|. 



Putting these estimates together we get 

|ra(6 6)1 > 10.(0 - 6)1 - l'/'a(6)l 

max| l^minl 2q 1^"^^^^ 1 1'^™^^ I 
max I 

and 

< {a+mm.X\Un\ + ^|emin||6naxr 
= ("+l + ^)l^-i"ll^.naxr 

which proves ([^ in the case |^min| = |6I- Noting that ra{£,,£,i) = ?'a(6C ~ 6) = 
—''"aiS, — £,!,£,) we see that we also get ([2^ in the other cases. □ 

Proof of Theorem\KM Let /i(^) (A)^?^(/i) and f2{p) := \^\- t {\)''ui{n) . 

We have to show that 

II J^^ X|6i<i|^-6i ^^^|Ai)fe^(A2)^^ Mf^i)Mf^ - f^i)df^i\\Li < II/i||l2|I/2||l2 

which by duality is equivalent to 

(23) I / X|g,|<i|c^a| '^1 ' /i(/^i)/2(m - Mi)/3(M)rf/^irfMl < n ll/'IU-- 

By use of the Cauchy-Schwarz inequality it suffices to show that sup^/(/i)2 < 00 
where 

w , f i6r^ie-6i^ , 

For fixed fj, we now use the change of variables T : fii ^ (v, Xi, X2) where 

ML^i) = mr - 6i6r - (e - 6)i^ - 6r. 

Let us also recall the definition of Ai and A2 

Ai(Mi) = Ti-6i6r + 7^, 

6 

A2(/ii) = r - n - - 6)ie - 61" + 

Observe that 

(Cm - viif 



(24) Ai + A2 - A = 



e6(c-6) 
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Therefore we have 

1/9 (\ I A ^1 -o|.^ ^m-vCi I ^ iei^|Ai + A2-A-;/|^ 

Furthermore we have d^-^f — {a + 1)(|^ ~ ~ l^il")- As we only consider the 
region where |6I < i- e. |Ci| = |Cmin| and |6nax| we have by dH]) 

that 1^1 ^ l^ill^ — We also have Id^ii'l ^ |f — in this region. Therefore we 
have that 

\D^,T\ = |%J^||a,,Ai + a„,A2| > lar^ie - eiriAi +X2-X-iy\^ 

>ieir'i^-6i^ki^iAi + A2-A-j.|i 

Let us notice that it is possible to divide the region of integration into a finite 
number of open subsets Ui such that T is an injective C^'^-function in Ui with 
nonvanishing Jacobian. As we are in the KP-II-case both terms on the right hand 
side of ([24|) have the same sign which implies that < IA1 + A2 — A|. So performing 
the change of variables and using the following elementary inequality 

i-K 



dv ^ K2 



a ^ 



we get 



X\i'\<\\t+\2-x\dvd\id\2 ^ f d\id\2 

(Al)2b(A2)2''|l/|5|Ai+A2-A-J/|^ ^ Jr2 (Ai)2b(A2)^ 



□ 



Remark 3.5. In fact we get (|23p also without the cut-off function X|5i|<i|^-^i|j as in 
theregion where l^il > we have that < |^i l^^^"^ 1^1 |~3+f 

and so the estimate in this region follows from the bilinear Strichartz estimate (|16p . 
Like in the case of the bilinear Strichartz estimates we also get the following dual 
versions of estimate (1^51) (without the cut-off function) by an appropriate change 
of variables 

(25) I / 7^t^/i(mi)/2(m - ^^l)h{^i)d^^,d^Ji\ < J] Uh^, 

(27) 1/ 'm'a'ir /i(Mi)/2(m " Mi)/3(/^)rfMirf/^l < f[ m\L2- 

4. The main bilinear estimate 

In the following formulation and proof of the crucial bilinear estimate needed 
to prove Theorem 11.21 we will only consider the case S2 = (and write s for si) 
to simplify the presentation. Note that the case S2 > follows from this special 
case, as in the general case we only get an extra term ^^^^.^'^^J^^^^s^ integral 
inequalities we have to prove (see (|32|) ). But this term is always bounded above for 
S2 > 0. 
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Theorem 4.1. For | < a < 6 and s > max(l — |a, j — ^a) let us choose < s < 
such that 

./I / 3 , 1,3 ^.1 ,^ 3 1 \ \ 
e < min(— - .s + -a - 1 , — - t« - 1 , - 2s + -a - - 
a + I 4 a + 14 a 4 2 

and set b := ^ + |, b' = — ^ + e, bi := max(^ — | + e, 0) and a = ^ + bi. Let us 
define X — Xi + X2 and X = Xi + inhere 

^ -trs,b—b' V . vs.b vs — (a+l)bi.b+bi 

(28) \\d4uiU2)\\x < C\\ui\\x\\u2\\x. 



Remark 4.2. The spaces X and X defined in Theorem 14. II are buih by taking sums 
and intersections of the Bourgain type spaces of Section [2l Therefore it is easy to 
see that they also satisfy the linear estimates of Propositions 12.51 and 12.61 i. e. 

(29) \HUa{t)uo\\x < ||wo||h-'.0(R2) 

and 

(30) IIVt f U{t-t')F{t')dt'\\x <T'-^''-'''^\\F\\x. 

Jo 

Remark 4.3. The sum structure of the spaces X and X is the essential ingredient to 
use the additional weight (■j|j-)'^i which is incorporated in the definition of X2 and 

X2 (see (jlOp ). to lower the x-regularity s in the bilinear estimate without imposing 
a low frequency condition on the initial data. Therefore, in the case a = 2 of the 
Kadomtsev-Petviashvili II equation we are able to show the local well-posedness 
for all s > — i without a low frequency condition on the initial data whereas the 
counterexamples in [16] show that it is not possible to get the bilinear estimate for 
— ^ < s < — -i and a = 0. 

Remark 4.4. In the case a = 4 of the fifth order KP II equation it is possible to get 
the bilinear estimate (|28p in the spaces X = X^'' and X = Xq'^ (i. e. choosing 
61 = and a — 0) as is shown in [6]. More generally, this is true for all a > | 
which can be seen by refining the estimate of Lemma 14.81 by an additional dyadic 
decomposition and interpolation argument as used in [16], pp. 89-92. 

To prove Theorem 14. 1[ we will split the nonlinear term dx{uiU2) into various 
pieces and give estimates in appropriate X*'''-spaces for each of these pieces (see 
Lemmas I4.5M.11] ). We will then combine these estimates to prove (|28|) . First of 
all, with Fc defined as in (fT9|) . we can write 

dx{uiU2) = dxFi{ui,U2) + dxPl{u2,Ui) 

As the main bilinear estimate (|28p is symmetric in ui and U2, it suffices to prove it 
only for dxFi{ui, U2). This expression can be decomposed further into 

2 2 

(31) dxPi{uiU2) = Qoa{ui,U2) + ^ ^ (5.y(Mi, U2). 

1=1 j=0 
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The operators Qij are defined by 



where Aqq := {i^J.l,^J.) G | |Ci| < |^ - 61 < 1} and Ay := n for l<i<2, 
< j < 2 with 

51 = {(Ml, m) g 1 161 < ^ic - auc - Cii > 1}, 

52 = {(/ii,/i) gr^ I < lai < ie-6ue-Cii > 1}, 

Ao = {(/ii,/i) eM*^ I |A| = |A„,ax|} 

- {ipl,^i) e I |A,| = |A„,ax|} - 1,2) 

Let us explain what the meaning of the regions Si and S2 is. In Si we have that 
2 < — 61 < 3|6 < — 61, i- e. ^ and ^ — 6 are comparable in size and are 
both bounded away from zero, whereas 6 is the smallest of the frequencies dual 
to the z-variable. In S2 we have that 6 and ^ — 6 are comparable in size and 
are both bounded away from zero, whereas ^ may be small here. For each of the 
operators Qij we will now show estimates of the form 

\\Qij{ui,U2)\\^s'y < \\ui\\^si,l,^\\u2\\^^^2.i,2- 

By definition 1^ of the X^'^-norm and setting fi{fi) := \£,\^'' {O''^" this 
is equivalent to 



16^' (A)-"' 



i6r\/i(Mi)ie-6rv2(M-Mi)dMi 



(6)^i+-^(Ai)^i(e-6)^^+"^(A2)'' 



< II/iIIlH1/2||l- 



Using duality this estimate is equivalent to 

16(6^'+"' lar^ - 6rvi(A^i)/2(M - mi)/3(a^) 

|^|.'(^^).,+.,(^_^^)..+..(A}-'''(Ai)''(A2)'' 



(32) 



A., 



< 



nil/' 



The main ingredients we use in the proof of these estimates are the bilinear Strichartz 
estimates of corollary 13.21 and Theorem 13.31 and a use of the "resonance identity" 
p4)) . We already noted that the two terms on the right hand side of p4)l have the 
same sign. Therefore we have 



> ^|Al + A2 - A| > > ^ICminll^n 



(33) |A, 

where for the last inequality we used (p2)) . 
Lemma 4.5. We have that 

(34) \\Qoq{ui,U2)\\x-.o ^ llwillx^'^ll^slljc-.f 

^0 ^0 

provided that b > ^, a < 6 and s e M. 
Proof. We have to prove that 



f i. ( ^ lgll'^l^-al 



-/i(a*i)/2(m - Hi)f3{fJ')dt^dni\ < Y[ II/, 



i\\L^ 
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where koo{fii,fi) - (0'(a)"'(e - - ^T^- On Aoo we have that 

Ci| < — Ci| < 1 and therefore also |^| < — ^i| < 2, so that fcoo(Aii,M) ^ 
1^ — ^il""^ ^ — Ci|'~^ ^ 1- where the last mequality follows from a < 6. 
Therefore (l34l) follows from the refined bilmear Strichartz cstnnatc (l23l). □ 



Lemma 4.6. FFe have that 

(35) ||(3lo('«l,W2)|L.-( = + l)bi.6'+i,i < ||ui|lx»-''ll"2|lx''.'' 

provided that b > i, fe' > — ^ anc? 

(36) < 5i < -b', 

(37) 6'<^(nrin(0,.)-| + ^). 

a + 1 2 4 

Proof. We have to prove that 

I / kio{pi,n) \ I — fl{^il)f2i^J.- ^J.l)f3{^J■)d^Id^J.l\<T[\\f,\\L2 

where fcio (^i , m) = (A)'''+''^ (0 i+^-^^+D''^ (6 - 6 1 ^ " 6 1 " ^ ■ We show 
that fcio is bounded in Aio, then the lemma follows from the refined bilinear 
Strichartz estimate ((23|) . In region Aiq we have 1 < |f — Ci| ~ ICI ^ (0 and |A| = 
lAmaxI > laiier, SO using HM]) we get fcio(/ii,M) < 

Because of ^ we have i + 6' + &i > 0. So using |^i| < |^| ~ {^) it follows that 
^io(Mi,m) ^ (^)|-f+("+i)fc'-""n(o,s) < 1 ^here the last inequality follows from 
(133. □ 



Lemma 4.7. We /laue f/iaf 

(38) ||(3l2(wi,W2)|L=-(o + i)6i.6'+i,i < ||wi|lx = -''ll"2|lx»-'' 

provided that b > i, fe' > — ^ anc? ([55]) and ([57)1 hold. 
Proof. We have to show that 

I / fci2(/ii,M) vfcjfL /i(a^i)/2(a^ - /ii)/3(M)c?A^c?Mi| ^ TT II/»IIl^ 

where ^12(^1,^) = (A)^'+''i+^A2)-''(C)i+^-("+i)''^(ei>-^(e - ei)-1Ci|^le|-^- Now 
using 5' + 61 + 6 > and |A| < [Aal in Au we get (A)^'+^i+''(A2)-^ < (A2)'''+''i. 
Now the boundedness of fci2 on A12 follows exactly like the boundedness of fcio in 
Lemmal4!6l Then (1381) follows from the refined bilinear Strichartz estimate (l25t . □ 



Lemma 4.8. We have that 

(39) \\Qii{ui,u2)\\x--o ^ ||wi||^..(,-6'|1m2|Ix=-'' 
and 

(40) ||(3ll("l, U2)|L = -( = + l)i.2,6'+i.2 ^ \\Ul\\ s^{c. + l)bi,b+bi\\u2\\x- 

'provided that b > ^, b' > (|36p aric? (j37p hold and 

(41) < 62 < 61, 

(42) ^^'^-''^l-l- 
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Proof. We first show ([39]) . We have to prove that 

I / kiiifj-i,fj.) ^^^\. ^^J fl{^J■l)f2{^J. - ^J.l)f3i^J.)d^id^J.l\ <f\ 



1=1 



where fcii(Aii,/i) = (Ai)'"' (0^^'(Ci>"'(^ " Ci)"'ICi|^lC - 61"^- We wiU show that 
fell is bounded, then ([39|) follows from the refined bilinear Strichartz estimate ([23| . 
In the region An we have 1 < IC - 6 1 1^1 {0 and |Ai| = |A„,ax| > lailCl"- 
Because of 5' < we have kii{^ii,^i) < |^r"*+"'''(^i)"^l^i|^+''' < 1, where the last 
inequality follows exactly as in the proof of Lemma ITBl 
Now we show (|40l) . We have to prove that 

J All W {^2} fJl 

where 

^^^i+._(„+i)fe^^^^-.+(„+i)6,-.^^_^^^-.|^|i-t|^^|.|^_^^|i-t 



(A)-b'-62-b(Ai)6+6i 



Now PO)) follows from the bilinear Strichartz estimate if we show that fcn is 
bounded on An. Because of |A| < |Ai| and —b' — 62 — 6 < 0, we have 

In All we have 1 < ~ ICI ^ (0 and |Ai| > so using -b' + bi-b2 > 

we get 

fcii(Aii,Ai) < |e|i-f+"('''-''i)-''^(^i)-''+("+i)''i-'^|^i|'^+&'-''i+''^ 

Because of l^il < |C| in An, we have |f 1"''^ |Ci|^=^ < 1. By (gS]) we have > 0. 

If ICil ^ 1 we have /i) < |^|5~f+"('' ^^1) < 1 where the last inequality follows 

by (1121) ■ If ICil > 1 we have (6) 161 and therefore 

Aii(m,M) < |^||-f+"(f'-''0(^^)-^+6'+«fi 



Now if — s + 6' + abi < this term is bounded because of ([35]) as above. If 
—s + b' + abi > this term is bounded by c|^| 2"^"^+'"+^^^ which is bounded 
because of (l37t. □ 



Lemma 4.9. We have that 

(43) ||(320(Ml,W2)|L=-(o + l)62,6'+i.2 ^ ll'"l|lx^-''ll'"2|lx^''' 

provided that b > b' > (|36p and (j37p /io/(i and 

(44) o<62<6i<-fo' + -(2s-i + ^), 

Of 2 4 

(45) a<l + b' + bi. 
Proof. We have to show that 

I / k2o{ni,n)— ^\t/\^\b /i(Mi)/2(m - Aii)/3(A*)c?M(^A*i| ^ n II/Jl2 

JA20 \-^2; fj: 
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where fc2o(Mi,M) = (A)'''+''^ (O^'^^^+'^'^+'fe)"'^ (C-eO^l^r^'ICi 1'"^ IS-Ci I '"^ ■ 
Now if we show that is bounded on A20, the lemma foUows from pop . In A20 
we have 1 < |C - Ci I ~ ICi I ~ (6) and |A| ^ |Ai„ax|, so 

(46) feo(Mi,/i) < := (A„.ax)'''+'^(0^"^"+'^''^+n^l'"neir'^+^-^. 

We win now show that h is bounded in S2. Let us first consider the case that 
1^1 > 1. Then because of |Amax| > and (0 ~ |^| we have 

h{fli,^) < |^|l+«-"''2+'''|^^|-2s+i-f +a(fc'+ft2) < |_e|-s+|-f + (a+l)b' 

where the last inequality follows from (|44l) and |^i| > |^|. Now h is bounded because 
of ([57]) and 1^1 > 1. So let us now consider the case |^| < 1. Because of dill) it 
follows that (Aniax)'''"'"^^ < (Amax)^'"^''' and therefore 

< |^|i-+'''+''i|^,|-2-+|-f+"('''+fi) 

Because of gS]) and |^| < 1 we have \^\^-'^+b'+bi < 1. Because of gH) we have 
\^i\~'^^+2-f+°'('>+bi) < 1. So h is also bounded in this case, which proves the 
lemma. □ 

Lemma 4.10. We have that 

(47) \\Q2l{ui,U2)\\ s-(c + l)b2.b>+b2 < ||ui||^ = .b||u2|lx = -'' 

provided that 6 > i, &' > -i, (glD and ^ hold. 

Proof. We have to prove that 

I / k2l{^J.l,^J.) ^^\ .fl{^J■l)f2{^J.~ fj.i)f3{fj^)dndni\<f[\\f^\\L2 

JA21 W 

where fc2i(Mi, m) = (Ai)-''(A)''+'''+''^(0^-("+i)''^+"(a)"'(^-a)"lel^""l^-ar^- 
Now if we show that k2i is bounded in ^21, the lemma follows from the refined 
bilinear Strichartz estimate (|26p. In A21 we have |A| < |Aniax| — |Ai| so that 
(Ai)-^(A)''+'''+''2 < (Amax)'''+^" Using that in ^21 we also have 1 < |C - 61 ^ 16 1 
(6) and we get 

^2i(Aii,/i) < (A,nax)''+''MO''"^"+'"'^+iei^-nar''-^ 
< (A,nax)'''+''Me)'"^"+'^'^+ncr"ncir''+^"^ 

where the last inequality follows because of |^| < | in yl2i. But this last expression 
is h defined in (I46p which was shown to be bounded in all of S2 in Lemma 14.91 This 
proves the lemma. □ 

Lemma 4.11. We have that 

(48) ||(322(wi,M2)|L=-(o + l)62,6'+i.2 ^ l|wi|lx = -''ll"2|lx»-'' 

Act ^0 "^0 

provided that h> \, h' > -\, dST]), (04]) and (gS]) hold. 
Proof. By definition (fTO|) and duality we have to show that 

I / fc22(Mi,/^) '^[,,''f h{^^l)f2{^i-^il)f?,{^i)d^id^H\<\{mL2 
JA22 W 1-^1/ 

where fc22(m,Ai) - (A2)-''(A)''+'''+''M0'"'"+'^'^+"(6)"'(e - a)"iei^""iar^- 

Now if we show that fc22 is bounded on A22, the lemma follows from ([27|l . But 
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the boundedness of k22 follows in exactly the same way as the boundedness of fei 
in Lemma [4. 101 □ 



We are now in a position to prove Theorem 14. II 

Proof of Theorem \4-.l\ With our definitions of 6, 6', bi and a we have that b > ^, 
6-6'<l,(12n]),(I371),(IlI]),gll),(Illl)and(Iini) hold. We noticed before that because 
of the symmetry of (^5)1 in ui and U2, it suffices to show (1^ for dxPi{ui,U2) 
instead of dx{uiU2) where Pi is the operator defined in We now decompose 

dxPi{ui,U2) further as in (j31|) . Therefore we have to show for every Qij that 

(49) \\Q^J{ul,U2)\\x < C\\ui\\x\\u2\\x- 

Let us notice that by the definition of the space X we have that ||w||^ < ||ii||^s,o 
and \\u\\x < ll'^llx^-''' ^" ll^^lljfS-(o+i)i>i.'''+''i : so that it suffices to control Qij in one 
of these norms. The norm in X is given by 

\\u\\x = inf{||u||xi + \\M\x2 \ u^v + w,v e Xi,w e X2}. 

But by the definition of the Bourgain spaces pH]) and because of fe' < and a > 
we have ||u||^s.b < and ||m||^s,6 < ||m||x2 which means that we have the 

continuous embedding X ^ -'^o ''- Therefore ((49l) follows from 

\\Q^Jiul,U2)\\x < C||wi||^..;,||u2|Ia-.'' 

which actually holds for all of the Qij except Qu. Let us prove this first. From 
Lemma 14.51 it follows that 

\\Qoo{ui,U2)\\x < \\Qoo{ui,U2)\\x-'- 
In the same way, from Lemmas 14.61 14. 7[ 14.91 14.101 and 14.111 it follows 

\\Qij{ui,U2)\\x < \\Qi]{ui,U2)\\-^s.b' + \\Qi]{ui,U2)\\^.-(c + l)b-,,b' + bi 
< ||lii||^.,b||u2||^ = .b < ||ui||x||u2|U 

for all of the remaining Qij except Qu- So it remains to consider Qu. Now let us 
decompose ui £ X as ui — vi + wi with vi G Xi and wi G X2. For vi we have 
because of (15^ of Lemma 14.81 

||Qll(t^l,U2)||^ < \\Qll{ui,U2)\\x-.o 
< 







Vl\\ys,b-b'\\u2\\x-:'' ^ ||l'l|Ui||'"2||x- 



For wi we have because of pp]) of Lemma [ 

||(3ll(wi,U2)|lx < ||Qll('!«l,W2)||^s.b' + ||Qll(wi,U2)||^ = -(= + i)6i.6'+bi 
< ||u'l||^=-(° + i)i'l.i.+bi ||u2||^..i. < ||wi||x2ll"2||x- 

So putting these two estimates together we have 

\\Qii{uuU2)\\x < (Ikilki + \\wi\\x,)\\u2\\x- 

Now taking the infimum over every decomposition of ui of the form ui — vi + wi 
with t^i G Xi and wi G X2 we finally get ([^5]) for Qn, which finishes the proof. □ 

For the proof of Theorem 11.61 we need the following refined version of 
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Corollary 4.12. Let | < a < 6 and s > niax(l — |a, ^ — |a). Let X and X be 

defined as in Theorem \4-l\ We then have for every p > 

(50) \\JSdAuiU2)h < (||J>i|Ulk2||x + hi|UI|J>2lU). 

Proof. Writing dx{uiU2) = dxPi{ui,U2) + dxPi{u2,ui) where Pi is the operator 
defined in it suflices to show 

(51) \\JSdxPiiuuU2)h< \\ui\\x\\JSu2\\x. 

But this follows exactly as as the operators in ([51]) only give an addi- 

tional bounded term ( (g-^^) ^^'^ dual formulations of the estimates proved in 
Lemmas |4?5]I4.11I □ 



5. Proof of theorems 11.21 and 11.61 

As the methods of proof used here are all well known, we only give 

Sketch of proof of Theorem \LSl As explained at the beginning of Section [4] it suf- 
fices to consider the case S2 = 0- Let s = si. For T < 1 and Ui,U2 d S we define 
the bilinear operator F7- by ^ . Let X and X be defined as in Theorem 14.11 and 
set (5 := 1 - (6 - 5') > 0. Then by and Theorem [iH we have 

\\Tt{ui,U2)\\x <T'\\dxiuiU2)U <T'\\ui\\x\\u2\\x- 

Therefore we can extend Ft to a continuous, bilinear operator Ft : X xX ^ X. As 
Ft(ui, U2)|[--T,T] only depends on Mi|[„T,T] (* = li2). Ft also defines a continuous, 
bilinear operator Ft : Xt x Xt Xt- Furthermore by ([29|l we have 

HUa{-)uo\\xT < \\'4'Ua(-)uo\\x < || II i/=.o (R2) 

for uo £ H''"{R^). So if we define 

(52) <pTiu,uo):^^U,,i-)uo~TT{u,u), u£Xt, uq £ ^''"(IR') 

we have for uq £ Br := {uq £ H^'^lR^) \ ||uo||h-o < R} and u,v £ Ar := {u £ 
Xt I ||m|U^ < r} that 

(53) ||$t(w,uo)||x^ <Ci\\uo\\H^.o(^^2)+T^\\u\\l^) <CR + CT\^ 
with some constant C which does not depend on i?, r and T and 

||$t(w, Mo) - $t(w,uo)|Ut = ||Ft(u- w,u + i;)||xT 
^^^^ < CT'i\\u\\x^ + \\v\\x^)\\u - v\\x^ < 2CT'r\\u - i;||x. 

So given i? > we choose r = 2CR and T = min{l, {8C^R)~i}. Then, for fixed 
Uq £ Br, by ((53|) $t(-, Uq) maps Ar into Ar and by (|54)) ^t{uo, ■) is a. contraction. 
By the Banach fixed point theorem there is exactly one fixed point of <i>T in Ar- 
Now by a well known argument the uniqueness of the solution u follows also in Xt ■ 
Furthermore it is easy to see that the mapping 

At : Xt x Br — > Xt, ^t(u, uq) :— ^t(u, uq) — u 

is analytic. Therefore a standard use of the implicit function theorem yields the 
analyticity of the flow map Fr : uq f—^ u. □ 
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Sketch of proof of Theorem \l.(A Let uo G H^'^{S?;^) be real valued and let X be 
defined as in Theorem 14.11 Let Tq be the supremum of all T G (0, 1] such that 
there exists a unique u € Xt with $t(u,mo) = u. We will prove that Tq = 1. 
By Theorem Owe see that Tq > 0. Let T G (0,ro). Let X° be defined as X in 
Theorem 1411 but with s = 0. We obviously have ||-u||x = WJ^uWxo. By jSOl) 
and Corollary 14. 1 21 we have 

\\ru\\j,o<CR + 2CT'\\u\\xo\\J^u\\xo. 

Now if To < min(l, (SC^HuoUlO"') we have by ^ that \\u\\xo < 2C||uo||l2 and 
therefore 

\\ru\\xo<CR + ^\\ru\\xo. 

It follows that sup|j|<-p |j//s,o < C||J*m||xo < 2CCR. As this upper bound 
does not depend on T and applying Theorem [TT2] with u{T) and u{—T) as initial 
values, we see that we can extend the solution beyond the interval [—To,Tq]. This 
contradicts the choice of Tq. Therefore we have Tq > min(l, (SC^HuoHl^)^^)- This 
implies that the length of the maximal interval of existence does only depend on 
||mo||l2. But the L^-norm of real valued solutions m of ([7]) is conserved, i. e. 
||M(±T)||i2 ~ ||iio||L2, so if we had To < 1, we could extend the solution beyond 
the interval [—Tq, Tq] which contradicts the choice of Tq. □ 
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